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Propagator, Sewing Rules, and Vacuum Amplitude for
the Polyakov Point Particle with Ghosts
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We apply techniques developed for strings to the case of the spinless point
particle. The Polyakov path integral with ghosts is used to obtain the propagator
and one-loop vacuum amplitude. The propagator is shown to correspond to the
Green’s function for the BRST field theory in Siegel gauge. The reparametrization
invariance of the Polyakov path integral is shown to lead automatically to the
correct “trace log” result for the one-loop diagram, despite the fact that “naive
sewing” of the ends of a propagator would give an incorrect answer. This type
of failure of “naive sewing” is identical to that found in the string case. The
present treatment provides, in the simplified context of the point particle, a
pedagogical introduction to Polyakov path integral methods with and without
ghosts.

1. INTRODUCTION

The Polyakov version (Polyakov, 1981; Green et al., 1987) of the path
integral for reparametrization-invariant systems is at present the most useful
method for carrying out string-theoretic computations in a covariant manner.
Although it is a first-quantized technique, it can be used to learn about the
structure of covariantly second-quantized string theory, i.e., covariant string
field theory, since the n-string correlation functions of the string field theory
correspond to first-quantized Polyakov path integrals over worldsheets with
n boundaries fixed in spacetime (Witten, 1986; Kaku, 1988). Now, the most
natural formulation of covariant string field theory (Siegel,
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1986) makes use of second-quantized fields which are functionals, not only
of the spacetime coordinates X* (o) of the string-at-a-single-time, but also
of (first-quantized) ghost and antighost coordinates c¢(o), b(a). Therefore,
the corresponding first-quantized path integral must also be a functional of
ghost and antighost coordinates at the fixed boundaries of the worldsheet.

In a recent series of papers (Ordéniez et al., 1987 a-c) we have developed
techniques for introducing the required ghost dependence into the Polyakov
path integral for bosonic strings, and have used these techniques to evaluate
the propagators for open and closed strings in conformal gauge (orthogonal
coordinates on the string worldsheet). The amplitudes thus obtained are
found to correspond to the Green’s functions (tree-level two-string func-
tions) of the covariant field theory in the Siegel gauge (Siegel, 1986). The
propagators themselves cannot be “sewn” together, but the “Schwinger-
DeWitt proper-time” amplitudes (DeWitt, 1964; Brown, 1977), of which
the actual propagators are the integrals, do sew together properly. However,
this “sewing rule” fails when we attempt to tie together the ends of a single
propagator to make a closed loop, since it gives, incorrectly, the trace of
the propagator, rather than the correct result, the trace of the logarithm
of the inverse propagator (Ordéfiez ef al., 1987¢). On the other hand, apply-
ing the Polyakov prescription directly to the loop (Polchinski, 1986) does
give the correct answer.

The properties of the Polyakov path integral with ghosts which we
have singled out for mention in the above paragraph seem not to be peculiar
to strings, but rather, to be generic aspects of reparametrization-invariant
systems quantized through the Polyakov prescription. In the present paper
we apply the same methods to the quantization of the spinless relativistic
point particle, and verify that these properties are indeed present there as
well. [On the other hand, the fact that the correct modular integration region
is not obtained when the logarithm of the closed-string propagator is sewn
to make a torus (Ordéfiez et al., 1987¢) is clearly a “stringy” feature with
no point-particle analogue.]

The point-particle propagator without ghosts has been computed a la
Polyakov by Cohen et al. (1986), Govaerts (1988), and Henty et al. (1988).
(See also Mannheim, 1986.) Here, as in Ordéfiez et al. (1987a-c), we follow
the treatment of gauge fixing of Chaudhuri et al. (1987). We have attempted
to present in detail aspects of the computations involving subtleties of a
conceptual nature, while at the same time avoiding details pertaining only
to subtleties of extreme mathematical rigor. Moreover, the complications
due to Weyl invariance of the string action are, of course, absent in the
particle case. It is thus our hope that the present paper can also serve as a
pedagogical introduction to techniques used in gauge fixing the Polyakov
path integral for strings (Weinberg, 1987).
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2. THE PROPAGATOR

The action for a spinless relativistic point particle of mass m is usually
written as

1

S=m J dr [ X*(r) X" ()2 2.1)
0

The index w in (1) is summed from 1 to D, the number of spacetime

dimensions. X*(7) is thus a D-dimensional vector parametrized by the

single real parameter 7; 7 will always be taken to run from 0 to 1. The dot

over X*(7) denotes differentiation with respect to .

We will work in a Euclideanized spacetime with the flat spacetime
metric 7,,, = diag(1, 1, ..., 1), so we will not bother about raising or lowering
spacetime indices w, », but will write them all ““ap” (on the other hand, we
will pay careful attention to the indices, to be introduced shortly, which
denote tensor type on the particle worldline rather than in spacetime,
because the transformation properties of dynamical quantities under change
of worldline coordinates will be crucial to the analysis).

The particle worldline X*(7) is a one-dimensional manifold with
boundary, and 7 serves as a coordinate on this manifold. With respect to
general coordinate transformations on the worldline (for which we will also
use, interchangeably, the terms “‘reparametrizations” and “diffeomorph-
isms™), i.e.,

v =) (22)

X*(7) is a scalar and X*(7) is a covariant rank-one tensor. Of course, the
action S is also a scalar under reparametrizations.

We introduce a covariant rank-two tensor on the worldline, the “metric
tensor” g,,(7). The “worldline indices” a, b take on only a single value
and thus really serve only to denote tensor character. Consider now the
action
1

1 ] drg"* (g8, X" 3, X" +m?)
0

1
aX* aX*
dfg”z(g"" +m2)

I

Sp

I
N

Jo oT o7
1
=3 | drg"(g”X*X*+m?) (2.3)
JO
where
8= det 8ab = 8ab (24)

g =(gw) '=g" (2.5)
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If g, is treated as a dynamical field along with X*, then S, is equivalent
to S at the classical level; that is, it gives the same equation of motion for
X*, provided g, satisfies its equation of motion. The equation of motion
for 8ab is

N
() 26)
or
() =3 X* (DX () 27)

Using (2.1) and (2.3)-(2.5), we see that, when (2.7) holds, Sp=S.
To obtain the quantum mechanical amplitude for a particle at spacetime
point X} to propagate to spacetime point X7, we perform the path integral

%/ DgaDX
<Xflx,->=f =
Xt GC

The path integral in (2.8) is over all spacetime-vector-valued functions
X*(7) satisfying

exp(—Sp) (2.83)

X*(0)=X1¥, X*(1)=X¥% (2.9)
and over all possible worldline-tensor-valued functions g,,(7) (just a single
function of 7, of course). Vg is a normalization factor, about which more
will be said below. The path integrand is exp(—Sp) instead of exp(iSp)
because, as mentioned above, we are working in the Euclideanized theory.

As was the case with the action S, the action S, is invariant under
one-dimensional general coordinate transformations. Because of this, the
path integration in (2.8) ““overcounts” by an infinite amount, since for any
given metric g,,(7) and spacetime trajectory X*(7) included in the path
integral there will also be included an infinite number of metrics and
spacetime trajectories related to the given metric and trajectory by general
coordinate transformations.

This problem is essentially the same as the problem, in quantum
electrcdynamics or Yang-Mills theories, of overcounting by integrating over
fields related to each other by gauge transformations. The solution we
employ here is a version of the solution in the gauge-theory case (Faddeev
and Popov, 1967; Abers and Lee, 1973).

The key fact is the following: one can find a set of so-called “fiducial
metrics,” metrics not related to each other by general coordinate transforma-
tions but having the property that every metric can be obtained from one
of the fiducial metrics by a specific general coordinate transformation. (We
wiil demonstrate shortly the construction of a particular fiducial set.) So,
integrating over the space of all metrics is equivalent to: fixing a fiducial
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metric; integrating over all diffeomorphisms, so as to cover the subspace

of metrice #alatad By diffeomorphisms to the chosen fiducial metrie; and
then integrating over all metrics in the set of fiducial metrics.

Let us denote, in a schematic fashion, fiducial metrics by the symbol
£ and diffeomorphisms by the symbol 7. (The notation will be made more
concrete shortly.) Then we can rewrite the right-hand side of (2.8) as

J‘DgabDX DéDXDT’
Voc Vac

One might think that the path integration in (2.10) still overcounts, since
we are still integrating over all configurations X*(7). But (2.10) is correct
as it stands; see the discussion in the Appendix.

In writing (2.10) as we have, we have implied that the measures for
path integration | D§ and [ DX can be defined in a diffeomorphism-
invariant manner; otherwise, it would make no sense to perform these
integrations after | Dn. In what follows, we will therefore be obliged to
define these measures in a general-coordinate-invariant manner. (On the
other hand, | Dn does in some cases depend on §; e.g., in the loop
computation in Section 5.)

“The action Sp, being the integral over the worldline of a worldline
density, is completely unchanged by diffeomorphisms:

SP[Xs é: "]zSP[Xa é] (2'11)
Integration over all diffeomorphisms® is precisely what we mean by Vg :

exp(—Sp[ X, gap]) = J exp(—Sp[X, g, n]) (2.10)

Voc = J’ Dn (2.12)
Using (2.10)-(2.12) in (2.8), we obtain
(X X;)= J Dg DX exp(-Sp[X, £]) (2.13)

To implement this concretely, we must find a specific set of fiducial
metrics. Although the space of metrics (i.e., the space of functions of
Te[0, 1]) is infinite-dimensional, the set of fiducial metrics is one-dimens-
ional, i.e., parametrized by a single real parameter, which we denote by A,
and refer to as the “Teichmuller parameter.” We are free to choose the
functional dependence of the fiducial metrics on A; the most convenient
choice is

=A% 0<A<o (2.14)

3In general, we should include in (2.12) a factor of the square root of the determinant of a
metric on the space of diffecomorphisms; however, in the coordinates (2.23), (2.40) which we
will use for the space of diffeomorphisms, this factor is unity. See Ordéfez et al., 1988.
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SO
gP=A"2 (2.15)
g=det g, =A" (2.16)

We note that the fiducial metric (2.14) is independent of position 7 on the
worldline. A is just the geometrical length of the worldline

1

A =J drg'’? (2.17)
0

manifestly unchanged under change of worldline coordinates.*

Since the space of metrics is infinite-dimensional while the space of
fiducial metrics is one-dimensional, the space of general coordinate transfor-
mations (which generate the entire space of metrics starting from a fiducial
set) must be an infinite-dimensional space. This is in fact the case; writing
the transformations (2.2) as

r>F(r)=7+7%(7) (2.18)

we see that we can parametrize general coordinate transformations by the
(infinite-dimensional) space of functions n“(7).

We view the coordinate transformations (2.18) as active transforma-
tions, mapping points on the worldline to different points on the worldline.
For infinitesimal transformations, n° is a worldline vector field. The actions
of such transformations on the worldline scalars X*(r) and the worldline
tensors g,,(7) are, respectively,

X*#(7)» X*(1) = X*()+n"(1)3.X (7)

=X“(7')+7)“(7')X(7') (2.19)
8av(7) = Zap(7) = Zup(T) + Vo (7) + Vyma(7)
= 8 (T) +2V ,m(7) (2.20)

(V, is the one-dimensional covariant derivative; we will not need its explicit
form.) These active transformations are referred to as “Lie dragging”
(Schutz, 1980; Wald, 1984, Weinberg, 1972).

From (2.19) we see that, if n“ does not vanish at the ends of the
worldline, it generates physical motions of the ends of the worldline.
However, the amplitude (2.8) is a path integral over worldlines with fixed

“For every g,(7), there is a unique general coordinate transformation taking g.,(7) to
8. =22=[f, dr(g"/)T. Specifically, £., = (dr/dr') g, (7) = (d7'/ dr) g, (), where 7'(r) =
[Ll, dF(gV»)1! |, d7 g'/%. We see that the requirement of fixed endpoints is satisfied: 7'(0) =0,
7'(1)=1. So the set of metrics (2.14) is in fact a fiducial set.
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endpoints. The reparametrizations over which we want to integrate are thus
generated by vector fields satisfying

7°(0)=7%1)=0 (2.21)

However, not all vectors satisfying (2.21) generate new metrics from the
fiducial ones. From (2.20) we see that we want only vectors satisfying

Vane(r)#0 (2.22)

for at least some .

So, the space of metrics over which we want to path integrate has as
coordinates the Teichmuller parameter A and the vectors 5°(7) satisfying
(2.21) and (2.22). Instead of n“(r), we can equivalently use 7,,, the
expansion coefficients of n“(7) in terms of some suitable set of eigenfunc-
tions o, (7):

(1) =L Nuthm(7) (2.23)

where the eigenfunctions satisfy
Pm(0) =47, (1) =0 (2.24)
Vathom(7) #0 (2.25)

so that n“(7) automatically satisfies (2.21) and (2.22). The integral “over
all metrics” is thus

el o0
j Dg= J dA [T J dn5 w(A, 1) (2.26)
4] m —00
where the prime is a reminder to delete from the product values of m
violating (2.25). u(A, n) is an integration measure in the space of metrics.
If we were dealing with integration over the usual type of manifold, we
would take u to be the square root of the determinant of the metric tensor,
evaluated in a basis corresponding to the coordinate system we are using.
We will therefore construct a metric on the space of metrics g,,(7)—a
“supermetric”’—and use the square root of its determinant for the measure.
A metric, in any space, is a symmetric bilinear map from tangent vectors
to numbers. In addition to the coordinates (A, 7,) we have already
described, g,,(7) itself serves as a coordinate on the space of metrics. To
obtain the components of a tangent vector in the space of metrics, we
consider a parametrized curve in this space, and use the coordinates g, (7).
Denote the parameter by a subscript a or 8 and the curve by g,,(7), ; the
components of the tangent vector at the point g,,(7).,, are

d
Vab(T)[gaO](a)E:_l; gab(T)a (2'27)
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Thatis, V points along the curve we have parametrized by « [this is indicated
by the subscript (a)] at the point where the parameter has the value a,,
that is, the point g,»(7),-

The most general supermetric which is only a function of the g, (7)
(and not their derivatives) and which respects one-dimensional general
coordinate invariance is

Gab’Cd(Tl , T2) = gl/z('rl)[(gab(”'l)gm(’rl) + Cg“(”'l)gbd("'l)]a(ﬂ —T,)
=(1+C)g(r)]7? 8(ry— ) (2.28)

using (2.4) and (2.5). C is an arbitrary constant, which we will, for notational
convenience, set to zero. (This is just an adjustment of the overall scale of
the path integral.) The reparametrization-invariant inner product is

1 1
(‘/(a), GV(B)) =J dr J dr, Vab(TI)(a)Gab’Cd(Tla 7) Vcd(’fz)(p)

0 [

= J dr Vab(T)(a)[g(T)]—3/2 Vcd("')(p) (2.29)

0

As discussed earlier, we prefer to use the coordinates (A, 5,,) rather
than g,,(7), so as to be able to separate out the redundant integration over
metrics related by diffeomorphisms; so we need the components of the
supermetric in the (A, 1,,) coordinate system. Let us first obtain these
components at the point A =g, 71, =0 for all m. Since 7,, =0, gup(7) is
the fiducial metric,

2at( Ty rg =0 = Ao (2.30)
A vector pointing in the direction of increasing A has components
98a
V(7)) = 4 =2\ (2.31)
9 A=A, Nm=0

Using (2.20), (2.23), and (2.30), we see that a vector pointing in the direction
of increasing 7, is

agab
Nm

=2 0,pm (T) =2A3 0uthin(7)  (2.32)

A=A0,Mm =0

Vab(T)(m) =

{At 7., =0 we can replace covariant derivatives by ordinary derivatives,
since the fiducial metric is a constant.) Choose the i, to be eigenfunctions
of the one-dimensional Laplacian,

aaaad/?n('r) = _Am(;b?n('r) (233)
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and to satisfy the reparametrization-invariant normalization condition

1
J dr 8" W Wan = Sun (2.34)
1]
Using (2.24) and (2.29)-(2.34), we find that, at A = A4, 2, =0,
G, =(Vi), GVi)) =4Ag" (2.35)
Gam = Gmr =(Viiy, GV(y) =0 (2.36)
Gmn = (‘/(m) ’ GV(n)) = 6mn‘An (237)

To obtain vector fields and supermetrics at other points in the space of
metrics, i.e., those points where 7,,, # 0 for some m, we perform diffeomorph-
isms on the V’s and G’s; however, the inner product (2.29) is unchanged
under diffeomorphisms. So the expressions (2.35)-(2.37) for the components
of G are valid at all points in the space of metrics. Since G is diagonal,
we obtain from (2.35)-(2.37)

p(A, n)=p(d)=(det G)/>=20"2]' A}? (2.38)

Using (2.8), (2.10), (2.11), (2.26), and (2.38), and dropping irrelevant overall
constants (a practice we will employ with no further warning throughout
the rest of this paper), we obtain

(X | Xy = Jw dA [%] A‘”(H' A‘,f) J f DX exp(—Sp[X, £1)
(2.39)

In general, we cannot at this point simply set the quantity in square brackets
in (2.39) to one, since V¢ is the volume of all diffeomorphisms, whereas
the numerator is an integral over all diffeormorphisms except zero modes,
i.e., those modes violating (2.25). (Nor can we simply start over using a
normalization factor Vige = | I1.. dn,; this would violate reparametrization
invariance. The different eigenfunctions ,, including any zero modes, are
mixed up among each other under diffeomorphisms; hence a factor of V5.
is not a one-dimensional-diffeomorphism invariant.)

However, in the case we are currently considering, there are no zero-
mode ¢, because of the boundary condition (2.24). With the normalization
(2.34),

Yo =2"217"%sin(wmr) (2.40)

So, in this particular case, it happens that

IH' dn$=JHdnfn= Voc (2.41)
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and (2.39) becomes

) 1/2 Xf
(Xf¥Xf>=‘[ d)w\“l/z(ﬂ' Am) j‘ - DX exp(—=Sp[X, £]) (2.42)

Xi
We next perform the path integral over X. Using (2.14)-(2.16) in (2.3),
we obtain

1

Sp=13 J dr (AT XHXH + Aam?) (2.43)
0

Following the usual path-integration method (Feynman and Hibbs, 1965),

write X *(7) as the sum of a classical part X*(r) and a quantum part X~ (7):

X*(r)=X*(r)+ X*(7) (2.44)
X*(r) is the solution to the classical equations of motion,
d2
d 2X(T) 0 (2.45)
interpolating between the initial and final configurations
X*(0)=X*  X*(1)=X* (2.46)

Since the value of an integral from —oo to +o0 will be unchanged if we
redefine the integration variable by adding a constant to it, we can shift
X*(7) in the path integral by X*(r) at each point :

J DX - J DX (2.47)
From (2.9), (2.44), and (2.46), we see that X*(r) satisfies
X*(0)=X*(1)=0 (2.48)
If we expand X*(r) in terms of eigenfunctions of the worldline Laplacian,
X*(1)= ZX"f(T) (2.49)
where
3a0°fu(T) = Ay fo(7) (2.50)
1
J At M (1) fo(7) = 8 (2.51)
(1]

the eigenvalues A, in (2.51) will be the same as the vector eigenvalues in
(2.33). Using (2.43)-(2.51), we obtain

X o0
j DX exp(—Sp)=exp(—S5) I] HJ dfft:,exp(%z’z\ni*:)?x) (2.52)

X; p=1m J-oo
[We could have put in a measure factor with the X integration in (2.52),
as we did in the g, integral:
D ©
J DX~ [111 dX¥% w, (2.53)

pn=1m J—
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with ux the square root of the determinant, in the f,(7) basis, of the
X-supermetric v,

¥(7, ') .., = const - g1/25(7' — )N (2.54)
Using (2.51), however, we can see that v,,, will be independent of A; thus
wx = (det ,,..)"/> would contribute an uninteresting overall multiplicative
constant to the amplitude.]

The quantity in the first exponential in (2.52) is the action (2.43)
evaluated at the classical path X*(7):

1 Am?
S=5- (X:‘—X}‘)(X;‘—X}‘)+—'2’1-— (2.55)

The primes on the product and on the sum in the second exponential in
(2.52) are reminders that the terms with A, =0 should be deleted. Again,
this is an irrelevant reminder in our present computation; as mentioned
previously, the eigenspectrum of X*(7) is the same as that of “(7), and
thus has no zero mode. The eigenfunctions are [using (2.48) and (2.51)]
£.(7) =222 sin(mn7), n=1,2,... (2.56)
while, usipg (2.15),
8,0°=A"23%/37* (2.57)
so
A, =m’n?/A%, =1,2,... (2.58)
Using (2.52), (2.55}, and (2.58) in (2.42) and_ performing the Gaussian
integrals (Feynman and Hibbs, 1965) over the X, (recall that x runs from

1 to D), we obtain
2

© o 2 1/2 o 2.2\ -D/2
(X[ Xy = L dM‘”Z( m- m) <H -"—"—) exp(~5) (2.59)

2 2
m=1 A n=1 A

We evaluate the infinite products in (2.59) by zeta-function regularization
(Brink and Nielsen, 1973; Hawking, 1977; Candelas and Raine, 1977):

I (am®)=T1 exp log(am®)
m=1 m=1

]

xp ). (loga+blogm)

1

I

\|M8

wo{ige
(

d
=expl log a - lim Z m*—b- 11m— m~° (2.60)
520 o ds m=1
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The sums in (2.60) converge, provided the real part of s is sufficiently large;
the first, to the Riemann zeta function,

{(s)= 02:1 m~* (2.61)

and the second to its derivative {'(s) = (d/ds){(s). These functions, in turn,
are defined at s =0; in particular,

{0)=-3, (0)=-3log(2m) (2.62)
Using (2.61) and (2.62) in (2.60), we obtain

3
i =8

(am®)=a V?(2w)"? (2.63)

So, finally, (2.59) becomes

© 1 /\ 2
<Xlei>=J0 dA AP exp[—;;(X¢—X?)<X¢~X}‘)—~'2"—] (2.64)

3. GHOSTS AND BRST FIELD THEORY

As mentioned earlier, the fields in covariant string field theory are
functionals not only of the spacetime coordinates X*(7), but also of
Grassmann-valued (anticommuting) ghost coordinates. To establish the
connection between the first-quantized formalism (Polyakov path integral)
and the field theory, ghost dependence must also be introduced into the
former. This has been done in Ordé6fiez et al. (1987a-c); here we illustrate
the technique in the (calculationally much simpler) case of the point particle.
We first return to equation (2.59), and recall that the term

© 2212
AFPE[ I1 22 ] (3.1
m=1

is the volume factor corresponding to integration over diffeomorphisms:
AFP = (det (;mn)]/2 (32)

It thus corresponds to the Faddeev-Popov factor in gauge theories and, as
in gauge theories, it can be represented as a Grassmann path integral.
Define the ghost action

SghE_Il dr [g(7)]"2¢*(7)V s (7) (3.3)

¢?(r) is a worldline vector, b,,(7) a rank-two worldline tensor. Both are
anticommuting c-numbers (Grassmann variables). S, is unchanged under
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the action of diffeomorphisms n“(7), and the same argument previously
applied to other factors in the path integrand applies here as well. That is,
if we denote by c,, b, the ghosts subjected to diffeomorphisms generated
by n(7), then

Sgh[c'r]a bna g] = Sgh[c-nn bns g(A)y 77] = Sgh[ca bs g] (34)

Using (2.14)-(2.16), (3.3), and the final member of (3.4), we have

1
_ Ay
Sgh= —A ! IO drc a—T" bab (35)
Impose the boundary conditions
c(0)=c"(1)=0 (3.6)
J d
E;bab(T)‘oz-a_;bab(T)ll'_:O (37)
and expand ¢“(7) and b, (7) as
o) 2 1/2
c(r)=% [F] sin(mrn7)c, (3.8)
n=1
bu(7)= Y [A%2'7%m0]"% cos(arnT)b, (3.9)
n=0

Using (3.5), (3.8), and (3.9), we obtain

E nmwr
Sgh= 2 —cnbn (310)
n=1 A
The usual rules of Grassmann integration (DeWitt, 1984; Ramond, 1981)
give

AFP =J' Dc D~b e“ssh (3.11)
where
JDCEJ 1 de, (3.12)
m=1
Jﬁsz Il db, (3.13)
m=1

[The tilde in (3.13) is a reminder that the m =0 mode is not included even
though allowed by the boundary condition (3.7). S, is independent of b,,
so, including an integral over b, would cause the path integral on the
right-hand side of (3.11) to vanish.]
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We could use the representation (3.11) of Agp in the expression (2.59)
for (Xle,-), but this would just give us another way of describing the same
amplitude. We want an amplitude which depends on the values of ghost
fields at 7=0, 1, in addition to the values of X*(7) at the endpoints. So
we must modify equation (3.11) so that, instead of integrating over all
possible b’s and ¢’s, we keep the end values fixed. Since we have already
imposed (3.6), we will require

b (0)=bi;,  bap(1)=Dbs (3.14)

and define a new path integral A,, by inserting 8 functions to enforce (3.14)
in the path integral (3.11):

Agn(by, b)) = J Dc Db 6(b(1) = by) 8(bgy(0) — b;) e % (3.13)

With regard to Grassmann integration, the Dirac delta function of a variable
is the variable itself. Therefore,

Agn(by, by) = J De Db [ bay(1) = by 1525 (0) — b e~ 5o (3.16)

However, a nonvanishing term in (3.16) must include an equal number of
¢ and b, factors; so, keeping in mind (3.8) and (3.9),

A (b, b)) =bsb; | DcDbe %= bb,Agp (3.17)
gh\ Vf 1 f

Finally, we define the BRST propagator (transition amplitude with
ghosts) by substituting Ag,(by, b;) for App in (2.59):
0 2.2

<Xfa beXu bI)E J dA /\-l/zAgh(bf, bl)( H L
0

-D/2 _
I /\2) exp(=S$)

= bebi( X;| X) (3.18)

Clearly, if we integrate over b, and b; we recover the original amplitude:
J db; db; {x;, be| X;, by =(X;| X) (3.19)

So, for the particle, the propagator with ghosts is related to the propa-
gator without ghosts in a rather trivial manner. In the case of the string,
the analogous relation is less trivial and the corresponding computation far
more involved (Ordéiiez et al., 1987a).

Siegel (1986) has described a BRST field theory for the point particle.
In our notation, the second-quantized field in this theory is ®(X, b) or,
Taylor-expanding in b,

DX, b)=y¢(X)+be(X) (3.20)
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The theory is invariant under gauge transformations 8¢ = 0, 5y = arbitrary,
so we can always choose a gauge (“Siegel gauge”) in which ¢ =0
(equivalently, b® =0). Then a two-point function in this gauge will have
the form

(@ (Xy, by )P(X;, b)) = bbi{ (X, ) (X)) (3.21)

(Double brackets denote second-quantized expectation values.) The
“reduced two-point function” {¢ (X, )$(X;)) is the inverse of A + m?, where
A is the D-dimensional Laplacian, (8/dX*)(8/6X")=A:

1
X X y=—
(XX =G %)
_ J dPk explik* (X} —X*)]
) emP2 k“k* +m?
But this is precisely equal to (X;| X;) of equation (2.64) (see, e.g., Cohen
et al, 1986). We conclude that the Polyakov path integral for the point
particle gives field-theoretic amplitudes in the Siegel gauge:
(X, by| Xi, biy = bb{ (X, ) b (X)) (3.23)
The single Grassmann parameter b here plays the role of the antighost zero
mode in the open string.

(3.22)

4. SEWING

By “sewing,” we mean the process of constructing the path integral
over a single geometrical region from the path integrals over smaller pieces
which make up the original region. This process is quite familiar in the
nonrelativistic case; the path integral for a particle to go from position X;
at time #; to X; at #; is the product of the path integrals to go from X, at
t; to X, at an intermediate time ¢,, times the amplitude to go from X, at 2,
to X; at #3, integrated over all possible X,. That is,

X5, 61Xy, 1) = J dX; (X3, 5] Xz, LXX;, ]Xy, 1) (4.1)
In the relativistic case, the naive analogue is certainly not true:
(Xs|Xy) ¢J dPX, (X | XX X2 | X0 (4.2)

where X = (X, t). The amplitude which can be sewn in this manner is the
“Schwinger-DeWitt” amplitude, the integrand of (2.64):
Am?

1
X, A X, 0y=A"P72 [—— X;— 2———] .
(Xr l ,0)=A eXp ZA( i—Xr) 2 (4.3)
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We have written the left-hand side to (4.3) this way because it can be
interpreted as proportional to the amplitude for a free nonrelativistic particle
of unit mass to propagate, in time iA, from “position” X =(X,, 1) to
“position” X¥ =(X, t;) (DeWitt, 1964; Brown, 1977); up to X- and A-
independent factors,

Am?

2

% A1%,0= [ exp -22) ol exp-amixy (e
where H is the first-quantized Hamiltonian operator for this fictitious
particle,

H =— = A .
29X* aX* 2 (43)
and the | X) are the Schrodinger-picture D-dimensional position eigenstates.

This amplitude satisfies a relation analogous to the nonrelativistic relation
(4.1),

<X35 A1.+A2|)(1 s O>: '[ dDX2 <X35 )‘3 ’XZ’ /\2><X2, A2l)(1’ O) (4-6)
as can be seen using (4.4) and the completeness relation

f dPX | XXX|=1 (4.7)

5. THE VACUUM AMPLITUDE

In second-quantized field theory, a quantity which is often of impor-
tance is the vacuum amplitude, the trace of the logarithm of the second
variational derivative of the second-quantized action (see, e.g., Abers and
Lee, 1973; Ramond, 1981; Ryder, 1985). For a scalar field, correspond-
ing to a spinless point particle, this second variational derivative is
(A+m?)(X,, X,) and the vacuum amplitude is

Ayc=trlog(A+ m2)=j dPX log[(A+m*)(X, X)] (5.1)

This is usually represented, in terms of Feynman diagrams, as a closed
loop. This picture might suggest that A,,. can be obtained simply by sewing
together the ends of a single propagator; that is, performing the first-
quantized path integral over closed loops going from X* back to X*, then
integrating over X*. This is, of course, incorrect, since such a procedure
would give tr(A+m?) ' = d"X [(A+m?)7'(X, X)] rather than (5.1).
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What is remarkable is that, if one performs the path integral over closed
loops directly, one does obtain (5.1). The analogous property has been
shown for the corresponding closed-string diagram, the torus (Polchinski,
1986; Shapiro, 1972); here we show that this is not a peculiarity of string
theory, but occurs as well in the particle case.

As in (2.8),

Dgab Dx

(loop) = J exp(—Sp) (5.2)

closed VGC

loops in X

The treatment of the integration over worldline metrics is the same as for
the propagator, except that the boundary condition (2.21) on diffeomorph-
ism vector fields n“(7) is replaced by the weaker condition of periodicity,

7(0)=7"(1) (5.3)

Therefore, there are normal modes proportional both to cos(27mA), m=
0,1,2,...,and sin(27mA), m=1,2,.... The eigenvalues corresponding to
both of these are

A, =Qmm/A)? (5.4)

There is a zero mode; the cosine mode with m =0 violates (2.25). Using
the letter M to indicate both the cosine modes and the sine modes, and
denoting the zero mode by M =0, the analogue of equation (2.39) for the
propagator becomes

« ", dn' .
(loop) =J dx [I_____H; nM] )\_1/2(]—[' A}(f) J DX e 5
closed

0 GC M
loopsin X
® 1 © 27m\>
=| a [——a]r‘/z( —) j DXe™Sr (55
L jd"'lo mlll A closed (5:5)
loops in X

since Vge =[] » A0, including M = 0 [see discussion following equation
(2.39)]. The normalized M =0 eigenfunction is A™>? [see (2.34)], so the
change in 1°(7) due purely to a change in the mode 7§ is

dn®(T)zm = AT dng (5.6)
or
d"l(‘; =22 d'fla(T)ZM (5.7)

[Clearly, dn®(7),m is independent of 7, since A and 5§ are.] n°(r) is defined
with no reference to the fiducial metric (Lie dragging is a metric-independent
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concept.) So, if we use (5.7) in (5.5) to write

) 2
A A'2< I l—m) J DX e~% (5.8)
m=1 A closed

loops in X

(loop) = J’

0

we have left out a factor, | dn®(7)zv, Which is independent of A; but we
have been dropping such factors all along. (The reason for our focus on
the A dependence of the integrand will be discussed at the end.)

Modifications similar to those just encountered in the 7, integration
are found to occur in the X* integration for the loop. In contrast to the
propagator calculation, we are here integrating over paths which are con-
strained only by the requirement of periodicity,

X*(0)=X"(1) (5.9)

The “classical paths”, i.e., paths satisfying (2.45) as well as (5.9), are all
functions of the form X*(7) = const. Note, however, that these paths cannot
simultaneously satisfy the classical equation of motion (2.7) for g,,. Rather
than expanding about a classical path, we can simply do the path integral
over X" () directly without making the separation (2.44) into classical and
quantum parts. As we did with n°, we expand the function X*(r) in a
full-range Fourier series, with normal modes proportional to cos(2zmA ),
m=0,1,..., and sin(2wmA), m=1,2,.... Again using the index M to
denote all the modes, with M =0 corresponding to the m = 0 cosine mode,
and with the prime on sums and products indicating deletion of the zero
mode,

J DXe 5
closed

loopsin X
D am? 1_,(2aM\?
ey o) 25 (2 ]
w=1 M 2 2wm A
A 2 o 2 2D p
S IEC
m=1 pm=1

The factor HE=1 fdXx¥ is an infinity proportional to the volume of D-
dimensional spacetime. It is to be expected, since the closed loops over
which we are summing can start and end anywhere. However, the coefficient
of the zero mode is A dependent; in fact, the normalized zero eigenmode
is A7Y? [see (2.51)]. So, the change in X*(r) due to a pure zero-mode
deformation is

dX* () gm=A""? dXE (5.11)



Polyakov Point Particle with Ghosts 21

or
dXE =22 dX*(7) 2 (5.12)
Using (5.10) and (5.12) in (5.8), we find

2-2D D
o 2'77"1) e_,\mz/z

(100p)=Jw dx )\'2+D/2( [=11—A~ 11 J'dX'w(T)ZM (5.13)

=1
The factor Hff:l [ dX*(7)zm is A independent, so it can be taken outside
the A integral sign and ignored, along with the many factors of (27), etc.,
we have dropped along the way. Applying the zeta-function regularization
(2.63) to the infinite product in (5.13),

e o]

(loop) = j 1 (5.14)
0

We should remind the reader that, although the A-factor gymnastics
we have performed in the presence of zero modes were compulsory exercises
as a consequence of the normalizations we chose for the eigenmodes, these
particular normalizations were chosen, not out of love of exercise, but,
rather, because we defined our path integral measures in a reparametrization-
invariant manner. And we had to define them in a reparametrizaticn-
invariant manner so as to be able to extract the infinite factor Vge. Any
other reparametrization-invariant definition of the path-integral measures
would have led to the same A dependence of the final integrand.

How does (5.14) compare with “sewing” the propagator? From (2.64)
or (4.3),

o0

tr(X,-|Xf)=J' d°x <X|X)=J dDXJ dr (X, A | X, 0)

0
=J‘wd)‘)fD/2 e (5.15)
0
Or, using (2.64) and (4.3)-(4.5),

tr(X,-|Xf)=J' dPx Joo d) (X|e~M/D@rm) 5y

=JdDX <;lA+1m2 X>

=J' d°X [(A+m*) (X, X)] (5.16)

[See, e.g., Dirac (1958) regarding matrix elements of operators.] From the
representation of equation (5.15) it is clear that {loop) in (5.14) is a different
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quantity, due to the extra factor of A ~' in the integrand. What is the operator
representation of (loop), corresponding to the representation (5.16) of
tr(X;| X;)? We have

{* co

log[(A+ mz)(X, X)] = dA A‘l e—/\(A+m2)(X’x)

JO

(* o

= dxA"{X]e 2O x)

JO

{* co

=| dAr"'{X, Ar|X,0) (5.17)

JO

using (4.4) and (4.5). If we next use (4.3) in the above, we obtain
log[(A-I-mz)(X,X)]:‘( dA AT17DI2 gmam?/2 (5.18)
0

Comparing (5.18) with (5.1) and (5.14), we see that the Polyakov path
integral over loops has indeed given us the field-theoretic vacuum amplitude:

(loop) = Ay, (5.19)

[In fact, the same infinite constant, Hf=1 j dX %\, =volume of spacetime,
which we discard in computing {loop), must also be removed when evaluat-
ing A,.., since the integrand on the right-hand side of (5.1) is explicitly
independent of X*.

The reader may well object to all this to-do regarding the “equality”
(5.19) of two quantities each of which is computed with total disregard of
so many factors. Indeed, (5.19) is divergent, due to the behavior of the
integrand at A =0 (ultraviolet divergence). To the extent that (5.19) makes
sense in and of itself, it is in the equivalent dependence of the left- and
right-hand sides on the mass m. (This in turn is controlled by the A
dependence of the respective integrands; hence our focus on that aspect of
the computation.) In string theory, the relation corresponding to (5.19),
and also the actual value of the vacuum amplitude, are of central importance;
it is interesting to see that this relation, as well as the other relations obtained
in this paper, hold as well for the point particle.

APPENDIX

In equation (2.10), we have | D§ DX Dn rather than, say, | D§ DX Dn,
[the set of X*(r) being the set of X*(7) not related by diffeomorphism.]
That is, in writing (2.10), we are claiming that the space of ordered pairs
(ga.6(7), X*(7)) not related by diffeomorphisms is isomorphic to the space
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of ordered pairs of the form (g,,(7), X*(7)), where §,,(7) are metrics not
related by diffeomorphisms but where the X*(r) are arbitrary.

The situation here is analogous to a system consisting of two mass
points connected to each other by a spring, but subject to no external forces.
Let us use the term “gauge group” to refer to a group G of transformations
which leaves the energy of the system invariant. For G, choose the group
of translations. The elements of G are vectors a. The configuration space
Q of the system is the space consisting of the ordered pairs of the position
vectors of the two mass points (q,,q,). The entire configuration space
includes configurations related by G, eg. (q,,q9,) and (qi,q%)=
(q,+a, q;+a). The space of configurations not related by gauge transforma-
tions, which we will call Q, is isomorphic to the space of ordered pairs with
one element, say the first, fixed, and the second arbitrary:

0 ={(4srea> )} (A1)

This is true because two condmons are met: every element of Q can be
obtained from some element of Q and no element of Q can be obtained
from more than one element of Q.

To prove that the first condition is met, let (q,,q,) be an arbitrary
element of Q. Since the second entry of an element of é is arbitrary, one
such element is (Qgeqd, 95), Where q; = q,+qarea—4:. Then (q,, q,) can be
obtained from (qgq,9qs) by the gauge transformation (translation) a=

Q1 Qfixed »
(41, 42) = (gpxea t2, g3 +2) (A2)

If we had taken é to be the space of ordered pairs with both entries fixed,
ie., the singlg pair of points (qsred, qfixea), W€ could not obtain all elements
of Q from Q using gauge transformations, since not all elements (q;, q,)
of Q are of the form (qgyeq+ 2, qfixea+a). (Translations move both mass
points by the same amount and do not affect their relative position.) As for
the second condition, suppose that one element of Q could be obtained
from two different elements of Q, (G6ixeds 43) and (Qaxea» 44), Where ¢, # qq-
That is,

(91, 92) = (Qsxcat 3, g +2) (A3)
(G, 92) = (Qsixeat2’, q4+2) (A4)
Subtracting (A4) from (A3), we find
Qfixea T 8= Qreata’ (AS)
g:ta=gq,+a’ (A6)

from which we conclude q; = q,, in contradiction to our assumption. So the
second condition is also satisfied.
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[ We could not reach this conclusion here if the gauge group of transla-
tions did not act effectively, i.e., if there were some pairs of points (q,, qy)
left unchanged by nonzero transformations a# 0. This would be the case
if, instead of translations, we had considered rotations (they leave the origin
unchanged); it is also the case when considering diffeomorphisms of the
loop, since uniform translations 7— 7+ const leave both g,,(7) and X*(7)
unchanged. For a discussion of this more complicated situation, see Moore
and Nelson (1986).]

The main difference between the two mass-point system (q,, q,) with
gauge group translations and the (g,,(7), X*(7)) system with gauge group
diffeomorphisms is that in the latter the space of “first entries” not related
to each other by gauge transformations is not just a single point gg,.q, but
rather the one-parameter set of fiducial metrics:

“Q7 = (gu(7), X*(7)) (A7)
“Q” = (A, X*(r)) (A8)

In the (q,, q,) system we could equally well have fixed the second entry
rather than the first (or some combination such as the center of mass). In
the (g.»(7), X*(7)) system we could in principle find a set of “Teichmuller
X’s” X #(7); but g,,(7) does not enter the action quadratically (it does not
even enter as a polynomial!), so we would be at a loss as to how to perform
the resulting path integral over all metrics.

ACKNOWLEDGMENTS

We are grateful to Dan Zwanziger for a careful reading of the manu-
script. C.R.O. and M.A.R. would like to thank the New York University
Physics Department for their hospitality during the completion of this work.
This work is supported in part by the U.S. Department of Energy contract
DE AC02-ER40325-Task B, (I.G., C.R.O., and M.A.R.), and by the U.S.
National Science Foundation grant PHY-8413569 (R.Z.).

REFERENCES

Abers, E. S., and Lee, B. W. (1973). Physics Reports, 9C, 1.

Brink, L., and Nielsen, H. B. (1973). Physics Letters, 45B, 332.

Brown, L. S., (1977). Physical Review D, 15, 1469.

Candelas, P., and Raine, D. J. (1977). Physical Review D, 15, 1494.

Chaudhuri, 8., Kawai, H., and Tye, S.-H. H. (1987). Physical Review D, 36, 1148.

Cohen, A., Moore, G., Nelson, P., and Polchinski, J. (1986). Nuclear Physics B, 267, 143.

DeWitt, B. (1964). In Relativity, Groups, and Topology, Gordon and Breach.

DeWitt, B. (1984). Supermanifolds, Cambridge University Press.

D’Hoker, E. and Phong, D. H. (1988). The geometry of string perturbation theory. Princeton
University preprint PUPT-1039.



Polyakov Point P: rticle with Ghosts 25

Dirac, P. A. M. (1958). The Principles of Quantum Mechanics, 4th ed. (rev.), Oxford University
Press.

Faddeev, L. D., and Popov, V. N. (1967). Physics Letters, 175B, 145.

Feynman, R. P., and Hibbs, A. R. (1965). Quantum Mechanics and Path Integrals, McGraw-Hill.

Green, M. B., Schwarz, J. H., and Witten, E. (1987). Superstring Theory, Vol. 1, Cambridge
University Press.

Govaerts, J. (1988). The Nambu-Goto string: Its phase-space path integral, CERN preprint,
TH 4950/88.

Hawking, S. W. (1977). Communications in Mathematical Physics, 55, 133.

Henty, J. C,, Townsend, P. K., and Howe, P. S. (1988). Quantum mechanics of the relativistic
spinning particle DAMPT preprint.

Kaku, M. (1988). Introduction to Superstrings, Springer-Verlag.

Mannheim, P. (1986). Physics Letters, 166B, 191.

Moore, G., and Nelson, P. (1986). Nuclear Physics B, 266, 58.

Ordéihez, C. R., Rubin, M. A., and Zucchini, R. (1987a). Path integral with ghosts for the
bosonic string propagator, Journal of Physics A (to appear).

Ordéiez, C. R., Rubin, M. A,, and Zucchini, R. (1987b). In Superstrings, K. T. Mahanthappa
and P. G. O. Freund, eds., Plenum Press.

Ordéiiez, C. R., Rubin, M. A., and Zucchini, R. (1987¢). Polyakov path integrals with ghosts:
Closed strings and one-loop amplitudes, Physics Letters B (to appear).

Ordéiiez, C. R., Rubin, M. A., and Zwanziger, D. (1988). Modular invariance and stochastic
quantization. Rockefeller University preprint RU88/B,/38.

Polchinski, J. (1986). Communications in Mathematical Physics, 104, 104.

Polyakov, A. M. (1981). Physics Letters, 103B, 207, 211.

Ramond, P. (1981). Field Theory, Benjamin/Cummings.

Ryder, L. H. (1985). Quantum Field Theory, Cambridge University Press.

Schutz, B. F. (1980). Geometrical Methods of Mathematical Physics, Cambridge University Press.

Shapiro, J. A. (1972). Physical Review D, 5, 1945.

Siegel, W. (1986). In Unified String Theories, M. Green and D. Gross, eds., World Scientific.

Wald, R. M. (1984). General Relativity, University of Chicago Press.

Weinberg, S. (1972). Gravitation and Cosmology, Wiley.

Weinberg, S. (1987). Covariant path integral approach to string theory, Lectures at the 3rd
Jerusalem Winter School of Theoretical Physics, University of Texas preprint UTTG-17-87.

Witten, E. (1986). Nuclear Physics B, 268, 253.



